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Motivation - ANNs as PDE Solvers

The Paradigm Shift: Transitioning from classical mesh-based methods to mesh-free, Neural Network
approximations.

Key Motivations:

0 High-Dimensionality: Standard meshing is prohibitive.
O Unified framework: Same infrastructure for forward and inverse problems.

0 Optimization-Based: PDE solving becomes an optimization problem.

Challenge: Overcoming the stability & optimization issues of standard ANN PDE solvers.

high-order accuracy
RK-PINNs Implicit RK methods
T stability
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Introduction

The Problem Setting: We consider the evolution equation for u(t, x):

oru(t,x) + Au(t,x) = f(t,x), (t,x) € (0,T] xQ
u(0,-) =uo (")
A: D(A) C L2(Q) — L2(Q) is a self-adjoint, positive definite spatial operator.

The Continuous Loss:

G(u) = /0 '

o G(u) > 0 for all admissible functions u.

2
oru(t,-) + Ault,-) — f(t,-)

dt + ||u(0,) - uo(-)||ip(9).
L%2(Q)

0 Well-posedness implies the exact solution u* is the unique global minimizer (G (u*) = 0).
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Network Space & Discretization Setup

Neural Network Space: We define the NN space over a NN architecture:
Ne={Up () 1 [0,T] x @ — RM | § € RNparams (1)},
where ¢ is the capacity parameter of the ANNs within the space.

Time Discretization: We associate with ¢ a time partition 7; = {t,,}fi(g) of (0, T].

O Subintervals: J,, := (tp, the1]  (kn = the1 — tn).
O Mesh size: k(f) == max, k, (k(£) > 0ast — o).

Auxiliary Nodes: Let {¢; };?:0 c [0, 1] be fixed nodes Local Auxiliary Nodes on Jy:
SatiSfying: Enj =1, + 6jkn, _] = 0, s q.

0=¢y<--<cg=1

;nO th1 tho ... tnq
! ! ! {
hd hd - T

tn tn+1
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The Approximation Space V,

The Interpolation Operator I,: Let {£;}?__ be the standard Lagrange polynomials on 0, 1] satisfyin
P P q 75 j=0 grange poly. ying

6(&) = 8.
The operator fq maps any continuous function w to a piecewise polynomial:

t—ty,

q9
Tgw) (&), = D by (OwEnp ), (D) :=i,-( p
Jj=0

n

), t e .

The Approximation Space V;

The space V, ¢ C([0,T]; L2(£2)) is defined as follows:
Ve={a:a=1Up UseN}.

q
~ [t —1 ~
explicitlyon J, : Va eV, a(t,:) = Zt’j ( p n) Up(tnj, ).
Jj=0 "

Continuity: Since ¢, = 0 and ¢4 = 1, we have 4(t,,-) = Up(t,,-) = a(ty,-
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Density of Approximation Space

Function Approximation: Let v € C([0, T]; L%(Q2)) be a target function.

For any € > 0, there exists a sufficiently large capacity parameter ¢ such that there exists a function
0 € V; satisfying:
llo = alle(oryizo)) < e
Two sources of error:
O Interpolation Error

0 Network Approximation Error

lo—dall < llo=Ipl + |- Up)l
~— ~—

Interpolation Error ~ Network Approximation
(—0 since k(£)—0) (—0as f—)
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Collocation Runge-Kutta Formulation

2
2

two  auxilliary nodes  fp ” Fng
} i * i
® ® e ® e *
tn tf : collocation nodes ; ) tf tn+1
n n v nq

Collocation Nodes: Let the Runge—Kutta method be characterized by g distinct collocation nodes
0<c¢ <--+<cg <1 Oneach time interval J, = (¢, tn+1] of size ky,, we map these nodes to:

tni =ty + cikn, i=1,...,q.

R-K Interpolation Operator I,_;: For any function w(t, x), the operator interpolates in time onto
polynomials of degree q — 1:
q

(Ig-1w)(t,x) = Zfi (t;—t") w(tpi,x), t€ Ju, x €0

i=1

where {£;}7 are the Lagrange basis polynomials satisfying (c;) = &;;.
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The Runge-Kutta PINN Formulation

The collocation RK-PINN method requires the discrete solution @ € V; to satisfy the PDE at the
collocation nodes.

0t (t, x) + A(Ig_16) (t,x) = (Ig-1f)(t,x), Vt € Jo, x € Q.

The Discrete Loss Functional G,

We minimize the norm of this residual. For any u € V;, we define:

Ge(w) = /0 '

We set Gp(u) = +o ifu ¢ V,.

du(t,”) + Aly_yu(t,”) — I 1 f(£,°)

2
dt +[[u(0,) = (|5 0
L2(Q)

Optimization Problem: Theoretical Goals:

i « argmin,,cy, Ge(u) 1. Stability 2. Convergence




Sufficient Condition for Stability

To guarantee stability, we require the numerical method to respect the energy dynamics of the PDE.

The Continuous Energy Law:

1d 1
/ (O, Au) dt = / S NA a2t = = (1A b, I = 1A 20t )1
]n ]n zdt 2

N——
Continuous cross-term

Energy Change (A8)

The Discrete Energy Condition: In RK-PINN, we approximate d;u ~ 9,4 and Au =~ Al,_4il.

(I 22t , 7 = 1A 21, 1)

DO | =

/ (048, Aly_1d) dt >
Jn

Model cross-term Model Energy Change (Aé)
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From Energy Condition to Maximal Regularity

If the energy condition holds, the numerical method is stable.

/ loral® + / VALl + 2 / 3y, Al i) = / Mo 1P
In In In Jn

J (Energy Condition)
S [ (b - ) < [
]n
N-1
n=0.

A2 an1® + Nl0call}, + | ALy adll}, < 1A ug|1* + g1 £117,

We obtain the Maximal Regularity property.
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Maximal Regularity: Gauss & Radau ITIA

o Weights b; > 0.

O The stability matrix M = (m;;) with m;; = b;a;; + bja;; — b;b; is positive semi-definite.
Expanding the norm of the update yields:

A 2 |1 = (A a0 + 2k, Zb(azu, Aiy) - K, Zm](ﬂ Popiy, AV o)

i=1 i,j=

>0 (since MisP.S.D.)

Using the exactness of quadrature for the degree 2q — 2:

q
anbi(a,ﬁi,?{ﬁi) = /(atuﬂ _1dl) dt.
i=1

Integrand € Pyq-»
. . 1 . .
> [ @aat @ des (1A P - A0
Jn
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Maximal Regularity: Lobatto IIIA

The Lobatto polynomial & (degree q) does not satisfy the energy condition directly.
The reconstruction @ = I, satisfies the exact energy balance:
1 .
/ (2, ) dt = o (A2t ) = A (1, )
Jn
This works because the “error” in the time derivative is invisible to the physics of the problem:
/ (aﬂjl - Btﬁ, ﬂa )dt =0 = / (8tﬁ, fﬂﬁ) dt = / (aﬂ:{, ﬂ[q_lﬁ) dt
Jn — Jn Jn
Test Function

O Integration by Parts: Shifts the derivative to Au (degree g — 1).
O Boundary Terms: Vanish because collocation nodes include endpoints.

O Interior Integral: Vanishes because quadrature rule is exact for the resulting polynomial.
_ R 1 . _ 1 X N
Wt ) = @ltns ), Yt = 5 (1A 20t ) = 1A 20t ) ) = 5 (N2t )P = 1A 2,

Maximal Regularity of u — Maximal Regularity of @
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Convergence of Minimizers

Let {4, } be the sequence of minimizers of the discrete energy G,. As the network capacity £ — oo, the
sequence converges to the exact solution u:

i, — u* inL%((0,T); H(Q))
The De Giorgi Framework (I"-convergence):

O Step 1: Using the uniform bounds from Maximal Regularity and lower semicontinuity:
f—00
O Step 2: We construct a recovery sequence wy:

wp = Ut = {lim Ge(wp)) =GWw*) =0
Conclusion:

0 < G(4) < liminf G,(d,) < limsup G,(d;) <limsup Gy(wy) =0 = G(@) =0 = a4 =u"
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RK-PINNs: Towards Applications

Step 1: Select the Underlying Collocation RK Method (g = 3)

RK Method  Collocation Nodes (¢;)  Key Features

Gauss % - ‘{—}?5, % % + \{—})75 Energy Conservation
Lobatto IITA 0, %, 1 Energy Stable
Radau ITA %@5 4?)%, 1 L-Stable

Step 2: Instantiate the Approximation Space

The approximation space V; is fully determined once we fix the following components:
0 A Network Space N,
o A fixed time partition 7,

O The auxiliary nodes 0 = ¢y < ¢; < --+ < ¢g = 1.
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Problem Formulation & Collocation Residual

(for simplicity f =0) Find u : Q x [0,T] — RM such that:
u+Au=0, u(x,0)=u(x).

+Boundary Conditions

The Collocation Runge-Kutta Residual

We define the residual {(x, t) via the RK stages. Within J, = (¢, tp41]:
q

{tuge) = (ke Ui ) = () AU (s )
i=0
L (-t
g(t, X) = fj (k_n) g(tnj, X), x € Q.

Jj=1

Applications:
0 2D Heat Equation
0 2D Wave Equation
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Discrete Loss Functionals & Optimization

We minimize the total cost Co + Cp + X5 Con,

Interior Cost: (Sobol sampling {x,} + RK Time Integration)

9
Gold) = Y22 5 k> ity )7

m,r,n Jj=1

Initial & Boundary Costs: =/, Smdt
Vol(Q
Go10) = 22 S (10, 550) — to))°
m,r
Vol(9Q
Can,[0] = % Z (thm (tny Xp7) — tms(x+))?  (Dirichlet condition)

m,r’,n

Final Optimization Problem:
* .
6* « min | Co[6] + Col6] + Z Can, 101
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Application: Heat Equation (Discontinuous Data)

Problem Setup
Diffusion on Q = (0, 1)? with k = 0.02 and
Neumann BCs:

Uy — k(uxx +uyy) =0,

opu =0 onof.

Discontinuous Initial Value

The initial state is a characteristic function yp
on a disk D (center (0.6,0.7), radius 0.1):

1 if(x,y)eD

0 otherwise

u(0,x,y) = {

Analysis Objectives
1. Smoothing Property

O The discontinuity leads to oscillations.

0 Radau ITA damps high frequencies
(L-stable), whereas Gauss and Lobatto IITA
may exhibit oscillations near ¢t = 0.

2. Heat Conservation

0 Due to Neumann BCs, total heat must be
invariant:

d
d 0=
dt/gu(t,x,y)d 0
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Application: Heat Equation (Discontinuous Data)
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Application: Heat Equation (Discontinuous Data)

/u(t,x,y)dxz/u(O,x,y)dQ.
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Application: Heat Equation (Discontinuous Data)
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Application: Wave Equation

Problem Setup

We consider an initial value wave propagation problem on Q := (0, 1)> with homogeneous Dirichlet
boundary conditions:

Ut — cz(uxx +uyy) =0, t€(0,1], (x,y) €, c=0.5
u(0,x,y) = (0.5 + 0.5 cos (471\/(x —-03)2+ (y- 0.5)2)) xp(x,y),

u(0,x,y) =0, (x,y) € Q,
u=0, on(0,1)%x3Q

where yp is the characteristic function of the disk D (center (0.3, 0.5), radius 0.25).

Reformulation: To apply the RK-PINN, we introduce velocity v := u, to obtain the system:

]+ (e G- 0

Analysis Objective: Whether the numerical methods preserve the total energy.
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Application: Wave Equation
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Application: Wave Equation

1 1
E(t) = Sllun (8. ) + Se*IVu(t )l = E(0)
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Thank you

G. Akrivis, C. G. Makridakis, C. Smaragdakis: Runge-Kutta Physics Informed Neural Networks: Formulation and Analysis.
Numerische Mathematik, 2025.
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